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WEAK POSITIVITY THEOREM AND FROBENIUS STABLE 
CANONICAL RINGS OF GEOMETRIC GENERIC FIBERS 

SHO EJIRI 


Abstract. In this paper, we prove the weak positivity theorem in positive char¬ 
acteristic when the canonical ring of the geometric generic fiber F is finitely gen¬ 
erated and the Frobenius stable canonical ring of F is large enough. As its appli¬ 
cation, we show the subadditivity of Kodaira dimensions in some new cases. 
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1. Introduction 

Let / : X —> Y be a separable surjective morphism between smooth projective 
varieties over an algebraically closed held satisfying f*Ox — Oy. The positivity of 
the direct image sheaf of the relative pluricanonical bundle is an important 

property. In characteristic zero, there are numerous known results. Fujita proved 
that f*0Jx/Y is a nef vector bundle when dim Y = 1 |Fnj 781. Kawamata generalized 
this to the case when m > 2 |Kaw82j and to the case when dim Y > 2 |Kaw81] 
(see also IF5II4I )- Viehweg showed that is weakly positive for each m > 1 

(Vie83j (see also [ Kol8 7j. |Cam04] . and i L'ujj_3 ). Here weak positivity is a property 
of coherent sheaves, which can be viewed as a generalization of nefness of vector 
bundles, and is equivalent to nefness when we restrict ourselves to vector bundles 
on smooth projective curves. There are several significant consequences of these 
results. One of them is Iitaka’s conjecture in some special cases. Iitaka’s conjecture 
states that the subadditivity of Kodaira dimensions 

k(X) > k{Y) + k(Xjj) 

holds, where Xjj is the geometric generic fiber of / (note that this conjecture follows 
from a conjecture in the minimal model program |Kaw85| ). Other consequences 
include some moduli problems in |Kol90] and | Fuj 121 (see also |Vie95| ). where results 
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of |Fuj78| , [Kaw81j . and [ Kaw82j are generalized to the case when X is reducible 
(see also [Kawllj . |FF14j . and |FFS14j ). 

On the other hand, in positive characteristic, it is known that there are counter¬ 
examples to the above results. For example, Moret-Bailly constructed a semi-stable 
fibration g : S —> P 1 from a surface S to P 1 such that g+LUs/P 1 is not nef |MB81j . 
For other examples, see |Ray78 IXielO] (or Remark 15.21 in this paper). Hence it is 
natural to ask under what additional conditions analogous results hold in positive 
characteristic. Kollar showed that /,u™/ y is a nef vector bundle for each m > 2 
when X is a surface, Y is a curve, and the general fiber of / has only nodes as 
singularities jKolQOl 4.3. Theorem], Patakfalvi proved that f*^x/Y i s a ne ^ vec t° r 
bundle for each m^> 0 when Y is a curve, X^ has only normal A-pure singularities, 
and ujx/y is /-ample |Patl4l Theorem 1.1], 

In this paper, we consider the weak positivity of in positive characteristic 

under a condition on the canonical ring and the Frobenius stable canonical ring 
of the geometric generic fiber. Recall that for a Gorenstein variety V, the canon¬ 
ical ring of V is the section ring of the dualizing sheaf of V, and the Frobenius 
stable canonical ring of V is its homogeneous ideal whose degree m subgroup is 
S°(V, mKy ). S°{V, mKy) is the subspace of H°(V, mKy) defined by using the trace 
map of the Frobenius morphism (see Definition 13.21 or | ]Schl4[ §4]). These notions are 
naturally extended to pairs (V, A) consisted of Gorenstein varieties V and effective 
Z( p )-Cartier divisors A on V . We use this setting throughout this paper. 

From now on we work over an algebraically closed field of characteristic p > 0. 
The following theorem is a main result of this paper. 


Theorem 1.1 (Theorem 15.11) . Let f : X — >■ Y be a separable surjective morphism 
between smooth projective varieties, let A be an effective Q -divisor on X such that 
aA is integral for some integer a > 0 not divisible by p, and let fj be the geometric 
generic point ofY. Assume that 

(i) the k(jrf)-algebra 0 m>o H°(X 1 j,m(aKx lf + (oA)^)) is finitely generated, and 

(ii) there exists an integer m 0 > 0 such that for each m > m 0 , 

5°(Ap, Ajj, m(aA*_ + (aA) w )) = H°( A>, m(aA x _ + (aA) w )). 

Then f*Ox(am(Kx/Y + A)) is weakly positive for each m > mo- 

Condition (ii) holds, for example, in the case where X is a curve of arithmetic 
genus at least two which has only nodes as singularities, A = 0, and m 0 = 2 
(Corollary I3.14p . or in the case where the pair (X^, Afi) has only A-pure singular¬ 
ities, Kx- + Ay is ample, and mo 'X 0 (Example 13.111) . Thus Theorem 11.11 is a 
generalization of [KolQOi 4.3. Theorem] and [ Pat 14 . Theorem 1.1], 

Theorem 11.11 should be compared with another result of Patakfalvi [Pat 131 The¬ 
orem 6.4], which states that if S°(X?f, Kx-) = H°{Xy n Kx ) then f*Ux/Y is weakly 
positive (see also [ Jan08] ). These two results imply that S°(X 7 j,mK X -) is closely 
related to the positivity of f*^x/ Y for each m> 1. In order to prove Theorem 11.11 
we generalize the method of the proof of [Pat 13 . Theorem 6.4] using a numerical 
invariant introduced in Section [4j 

When the relative dimension of / is one, we obtain the following theorem as a 
corollary of Theorem 11.11 
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Theorem 1.2 (Corollary 15.4p . Let f : X —>■ Y be a separable surjective morphism 
of relative dimension one between smooth projective varieties satisfying f*Ox — O y , 
let A be an effective Q-divisor on X such that aA is integral for some integer a > 0 
not divisible by p, and let rj be the geometric generic point of Y. If (Xjj, Ajf) is 
F-pure and Kx w + A^ is ample, then f*Ox(am(Kx/y + A)) is weakly positive for 
each m> 2. In particular, if X^ is smooth curve of genus at least two, then f*w™/ Y 
is weakly positive for each m > 2. 

Moreover, in the case where / : X —> Y is a semi-stable fibration from a surface 
to a curve, we discuss the ampleness of f*w™/ Y f° r each m > 2 and the nefness of 
f*uj x /Y (Theorems 16.81 and 16.13jl . 

When the relative dimension of / is two, we also obtain the following theorem as 
a corollary of Theorem 11.11 

Theorem 1.3 (Corollary [575]) . Let f : X —>■ Y be a separable surjective morphism 
of relative dimension two between smooth projective varieties satisfying f*Ox — Oy. 
If the geometric generic fiber is a smooth surface of general type and p > 7, then 
fjujfr/Y is weakly positive for each m 0. 

Similarly to the case of characteristic zero, we can use Theorem 11.11 to study 
Iitaka’s conjecture. Before stating the next theorem, we recall the definition of 
Iitaka-Kodaira dimension. Let I) be a Cartier divisor on a projective variety V and 
let m > 0 be an integer divisible enough. The Iitaka-Kodaira dimension k(V, D ) 
of D is the dimension of the image of V under the rational map determined by a 
linear system \mD\ if it is not empty, otherwise k(V,D) = —oo. This definition is 
naturally generalized to the case where D is a Z( p )-Cartier (or Q-Cartier) divisor. 
When V is smooth, the Kodaira dimension k(V) of V is defined as k(V, Ky). 

Theorem 1.4 (Theorems 17.21 and 17.6p . Let f : X —)■ Y be a separable surjective 
morphism between smooth projective varieties satisfying f*Ox — O y , let A be an 
effective Q-divisor on X such that a A is integral for some integer a > 0 not divisible 
by p, and letrj be the geometric generic point ofY. Assume that 

(i) the k{rj)-algebra ® m>0 H°(Xjj, m(aKx- + (aA)^)) is finitely generated, 

(ii) there exists an integer m 0 > 0 such that 

S°(Xjj , A rj, m(aK Xyf + (aA)^)) = H 0 (Xjf , m(aK Xyf + (aA)^)) 
for each m > m 0 , and 

(iii) either that Y is of general type or Y is an elliptic curve. 

Then 

k(X, Kx + A) > k(Y) + K(Xrj, K Xlr + Arf). 

As a special case of Theorem 11.41 we obtain the following result. 

Theorem 1.5 (Corollary 17.8p . Let f : X —>■ Y be a separable surjective morphism 
from a smooth projective variety X of dimension three to a smooth projective curve 
Y satisfying f*0\ — O y . If the geometric generic fiber Xis a smooth projective 
surface of general type and p > 7, then 

k(X) > k(Y) + k(Xjj). 
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1.1. Notation. In this paper, we fix an algebraically closed field k of characteristic 
p > 0. A k-scheme is a separated scheme of finite type over k. A variety means 
an integral fc-scheme and a curve (resp. surface ) means a variety of dimension one 
(resp. two). A projective surjective morphism / : X —>■ Y between varieties is called 
a fibration or a algebraic fiber space if it is separable and it satisfies f*Ox — O y . 

We fix the following notation: 

• Let CDiv(S') be the group of the Cartier divisors on a scheme S. An Z( p )- 
Cartier (resp. Q-Cartier) divisor on S is an element of CDiv(S) ®z Z( p ) 
(resp. CDiv(S') <S>z Q), where Z( p ) is the localization of Z at the prime ideal 
(p) = p%; 

• For a rational number 5, we denote its integral (resp. fractional) part by [<5J 
(resp. |hj). For a Q-divisor A = FiA on a normal variety, we define 
LAJ == E^JA* (resp. {A} := £,{<5*}^); 

• Let ip : S —y T be a morphism of schemes and let T' be a T-scheme. Then we 
denote the second projection St> S x t T' —>• T' by <pt'- For a Cartier (or 
Z( p )-Cartier, Q-Cartier) divisor D on S, the pullback of D to St> is denoted 
by Dt> if it is well-defined. Similarly, for an O^-module homomorphism 
a : T —* Q, the pullback of a to St> is denoted by a Y ' ■ Ft 1 —>■ Qt’\ 

• For a scheme X of positive characteristic, Fx : X —> X is the absolute 
Frobenius morphism. We often denote the source of Ffr by X e . Let / : X —> 
Y be a morphism between schemes of positive characteristic. We denote 
the same morphism by /F) ; X e —» Y e when we regard X (resp. Y) as X e 
(resp. Y e ). We define the e-th relative Frobenius morphism of / to be the 
morphism Fy Y := (Ffi, : X e —> X x Y Y e =: X Y e. 

Acknowledgments. The author wishes to express his gratitude to his supervisor Professor 
Shunsuke Takagi for suggesting the problems in this paper, for answering many questions, 
and for much helpful advice. He is grateful to Professors Yifei Chen, Yoshinori Gongyo 
and Zsolt Patakfalvi for valuable comments and discussions. He would like to thank 
Professor Akiyoshi Sannai and Doctors Takeru Fukuoka, Kenta Sato, and Fumiaki Suzuki 
for useful comments. He also wishes to thank the referee for careful reading and valuable 
suggestions. He was supported by JSPS KAKENHI Grant Number 15J09117 and the 
Program for Leading Graduate Schools, MEXT, Japan. 


2. Preliminaries 

2.1. AC divisors. Let X be a /e-scheme of pure dimension satisfying S 2 and G\. 
An AC divisor (or almost Cartier divisor ) on A" is a coherent CL^-submodule of 
the sheaf of total quotient ring K(X) which is invertible in codimension one (see 
[Kol+92| , il laid) 1 j . or |MS12j ). For any AC divisor D we denote the coherent sheaf 
defining D by Ox(D). The set of AC divisors WSh(A) has the structure of additive 
group [ Har94, Corollary 2.6]. A Z( P )-AC divisor is an element of WSh(A) <g>z Z( p ). 
An AC divisor D is said to be effective if Ox Q Ox{D), and a Z( P )-AC divisor 
A is said to be effective if A = D <S> r for some effective AC divisor D and some 
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0 < r G Zq,). Now we have the following diagram: 

WSh(A) WSh(A) Z(p) 

vJ ( )(g)l 

CDiv(A) CDiv(A) Z(p) 

Note that the horizontal homomorphisms are not necessarily injective [Kol+92j 
Page 172], Throughout this paper, given an effective Z^-AC (resp. p)~ 
Cartier) divisor A, we fix an effective AC (resp. Cartier) divisor E and 
an integer a > 0 not divisible by p such that E <g> 1 = a A. The choice of E 
and a is often represented by A = E/a. For every integer m, we regard the Z^-AC 
divisor am A as the AC divisor mE. For instance, the symbol Ox{dm{D + A)) 
denotes the sheaf Ox(amD + mE), for every AC divisor D. 

We note that if X is a normal variety, then AC divisors are Weil divisors, and the 
horizontal homomorphisms in the above diagram is injective. In this case we can 
choose E and a canonically for an effective Z( p )-divisors A: a is the smallest positive 
integer such that a A is integral and E := a A. 

We define notions similar to the above by using Q instead of Z( p ). 


2.2. Trace of Frobenius morphisms. In this subsection we introduce notations 
related to trace maps of Frobenius morphisms. 

Let 7T : X —y Y be a finite surjective morphism between Gorenstein fc-schemes of 
pure dimension, and let uix and coy be dualizing sheaves of X and Y respectively. 
We denote by Tr^ : it^x —* Wy the morphism obtained by applying the functor 

omo Y (_, 0 Jy) to the natural morphism 7r # : Oy —> x*Ox- This is called the 

trace map of n. Then we define 

'P'x := Trpx ® @x(—kx) '■ Fx*Ox{{ 1 ~p)Kx) Ox-, and 

<Px +Vl ■= <Px ° A Ax ® Ox(( 1 - P‘)Kx)) ■ F‘+\O x (( 1 - p‘ +1 )K x ) -*■ O x 


for each e > 0, where Kx is a Cartier divisor satisfying Ox(Kx) — cox- 

Let A" be a Gorenstein h-scheme of pure dimension. Let A = E/a be an effective 
Z( p )-Cartier divisor on A" and d > 0 be the smallest integer satisfying a\(p d — 1). 
For each e > 0 we define 


bA) •= °*((1 - P*)(A'.V + A)) C O x (( 1 - P^Kx), 



ipd r (d) 

r X* J ~'(XA) 


Fx.Ox{{ 1 


p d )K x ) 



and 


I (d(e+l)) 
t (X,A) 




(■ d ) 

A,A) 




(de) \ 

(XAY 


rpd(e+l) r>{d(e+ 1 )) _ m 

b x A(.y,a) u x- 


Let X be a h-scheme of pure dimension satisfying and G 1 . Let A = E/a be 
a Z(p)-AC divisor on X and d > 0 be the smallest integer satisfying a\(p d — 1). Let 
l : U H A be a Gorenstein open subset of A" such that codimA \ U > 2 and that 
E\u is Cartier. Set A |u = E\ v /a. Then for each e > 0 we define 


C 


(de) 
A,A) 


. is* E 


(de) 

(UA\u) 


and := MCilJ ■ F x X 


(de) 

(UA\u)> 


pde f(de) 

'(XA) 


—> e> 


x 
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Note that (jf^xA) * s a morphism between reflexive sheaves on A (cf. [ Har94 , Propo¬ 
sition 1.11]). 

Definition 2.1 ( [SmiOOl 2.1. Definition], |SS10l Definition 3.1] or |MS12i Definition 
2.6]). With the notation as above, the pair (A", A) is said to be sharply F-pure (resp. 
globally F-split) if (p^x A) * s surjective (resp. split as Ox-module homomorphism) 
for some e > 0 satisfying a\(p e — 1). We simply say that X is F-pure (resp. globally 
F-split) if (A, 0) is F-pure (resp. globally F-split). 


Remark 2.2. (1) (A", A) is F-pure if and only if 0 |xa) surjective for any e > 0 
satisfying a\(p e — 1). Indeed, if 4>^x A) surjective for an e > 0 with a\(p e — 1), then 

A) ® ^(yaj)** is a ^ so surjective for any g > 0, and so is (pf^A) ^ ■ Here (_)** 

is the functor of the double dual. Let e' > 0 be an integer with a|(p e/ — 1). Then 
A) surjective, since (f>\^ i) surjective and factors through 4>^x Ay 
(2) The F-purity of (A", A) is independent of the choice of F and a satisfying A = 
E/a. Let E' be an effective AC divisor such that E' = a'A for an integer a' > 0 not 
divisible by p. Let g > 0 be an integer such that q := p eg — 1 satisfies a\q, a'\q and 
qa~ l E = ga ,_1 F'. Then we see that 


Aeg) 

’ (X,E/a) 


r-^j 


Aeg) ~ 

A(X,qa- 1 E/q) ~ 


Aeg) ~ 

t (X,qa'~ 1 E'/q) ~ 


A eg ) 

t (X,E'/a ')' 


Thus <f>(xE’/a') * s surjective. 

(3) A statement similar to (1) and (2) holds for the global F-splitting of (A, A). 


2.3. Trace of relative Frobenius morphisms. In this subsection, we introduce 
notations related to trace maps of relative Frobenius morphisms. See [ PE213] for 
more details on trace maps of relative Frobenius morphisms. 

Let / : A —>■ Y be a morphism between Gorenstein /c-schemes of pure dimension. 
We assume that either Fy is flat (i.e., Y is regular) or / is flat. Then Fy or / is a 
Gorenstein morphism, so Ayi is a Gorenstein /e-scheme [Har66l III, §9]. We define 


the relative dualizing sheaf ujx/y of / to be u>x <£> f*u Y l - Then we have 


^x yl /yi :-wx yl 


fv 

fv 


i u 


V i 


'Fy'Uy 1 


1 WyL fy 1 
— (Fy)x'Ox <8> {Fy)x*Ux ® {fy 1 *FyOy J 
—(Fy)x^x/y = ( wx / y)y 1 


-l 


® (Fy)x*/*W 


-1 

Y 


by the assumption. Moreover, for positive integers d, e, we consider the following 
commutative diagram: 
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x de 




Let K x /y be a Cartier divisor on X satisfying O x (K x / Y ) — ^>x/y- This is denoted 
by K X e /y« when we regard / as /bfo Set K X e g / Y9 ■ = (K X e/ Y e)Ya for each g > e. 
Then for each e > 0 we define 


A 1 ) - 

r x /Y •' 

fie+L 

J X/Y •' 


Tr F o) y ® O.Yyi {~Kx y i) : _ p)^ 1 /^ 1 ) , and 

4}y ) r<+1 ° 4t/y., ($!/y. ® P Y .. +1 ((1 - f)K x . w , Y ,»)) 

■ FxtrPx((l - p' +1 )Vv.«/y«) -> 0 Xy . + , ■ 


Let A = E/a be an effective Z( p j-AC divisor on X and d be the smallest positive 
integer satisfying a\{jp d — 1). For each e > 0 we define 


£(X,A )/Y •“ ^Y de ((l — p de )(K X de/Y de + A)) ^V de ((l — p dC )K X de/ Y de), 


dd) 

\x,A )/Y 


rp{d) r[d) 
r X/Y^(X,A)/Y 


^'x/Y i Px d {{ 1 — P d )^X d /Y d ) 


Xd) 

Px/Y 


> C> 


v. 


and 


I (d(e+l)) 
Y(V,A )/Y 


dde) 

\x,a)/y 


y<2(e+1) 


■p(de 

X yd /Y d 


Tp(d(e+1)) s>(d{e+ 1 )) 

A/y ^(x,a)/y 




^yd(e+l) 


(d) 

(X ds ,A)/Y de 


ride) 

t ~’(x,A)/y 


Y d(e+ 1) 


Let f : X Y be a morphism between fc-schemes of pure dimension. Assume 
that A" satisfies 62 and Gfi, y is Gorenstein, and / or F Y is flat. Let A = E/a be 
an effective Z( P )-AC divisor on X and d be the smallest positive integer satisfying 
a\(p d —l). Let 1 : U ^ X be a Gorenstein open subset of X such that codim X\U > 2 
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and that E\u is Cartier. Set A |jj = E\jj/a. Then for each e > 0 we define 


Ade) 

)/Y 


Ade) 


and 


Ade) 

^(X,A )/Y 


W de *(0 


(de) 

(CA| u) 


m ■■ 


(de) 

(XA)/Y 


-Y Ox 


de 


3. Frobenius stable canonical ring 


In this section, we introduce and study Frobenius stable canonical rings. After 
definitions and basic properties, we study Frobenius stable canonical rings of vari¬ 
eties with ample canonical bundles. Especially, we consider the case of Gorenstein 
projective curves (Corollary I3.14p . We also discuss the case of varieties with semi- 
ample canonical bundles in any dimension (Corollary I3.18p . To this end, we prove 
Theorem 13.171 which is a kind of canonical bundle formula. As another application 
of the theorem, we study Frobenius stable canonical rings of surfaces of general type 
fCorollarv l3.23p . 


Notation 3.1. Let X be a fc-scheme of pure dimension satisfying S 2 and G i, and let 
A = E/a be an effective Zq,)-AC divisor. Set d > 0 be the smallest integer satisfying 
a\(p d — 1 ). 


Definition 3.2 f [Schl4L §3]). In the situation of Notation 13.11 let A4 be a reflexive 
sheaf on X of rank one such that invertible in codimension one. Then we define 
S°(X,A,M) as 


n 

e>0 


imuvc((4Wx,A ) )® M n 




> H°(X, M) 


where 4^a.) the morphism defined in Subsection 12.21 and (_)** := 

_, Ox), Ox) is the functor of the double dual. For any AC divisor D 

on X, we denote S°(X, A, O x {D)) by S°(X, A, D). Write S°(X, D) := S°(X, 0, D). 


Remark 3.3. The above definition does not depend on the choice of E and a satisfying 
A = E/a. Indeed, if E' and a’ satisfy A = E'/a', then by an argument similar to 

Remark 12.21 (2) we have <t>f X E/a) ~ ^(XE'/a') ^ or ever y 9 > 0 divisible enough. 

Example 3.4. In the situation of Notation 13.11 it is easily seen that the following 
are equivalent: 

(1) (A", A) is globally F-split. 

(2) S°(X,A,Ox) = H°(X,Ox). 

(3) S°(X, A, D) = H°(X, D ) for every AC divisor D on X. 

Definition 3.5 i (HP13l. Section 4.1] or [PST141 Exercise 4.13]). In the situation of 
Notation 13.11 let A4 be a reflexive sheaf on X of rank one such that invertible in 
codimension one. Then we define 

R s (X, A, M) := ® S°{X, A, (A 4 ® n )**) c R(X, M) := ® H°{X, (M® n )**). 

n >0 n >0 

For any AC divisor D } we denote R(X, Ox(D)) and Rs(X, A, Ox(D)) respectively 
by R(X, D) and Rs(X, A, D). Rs(X, A, a(K x + A)) is called the Frobenius stable 
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canonical ring , where K x is an AC divisor such that O x (K x ) is isomorphic to the 
dualizing sheaf u x of X. 

When D is a Q-Weil divisor on a normal variety A", we define 

Rs(X,A,D) := 0S°(X, A, \nD\) C R(X,D) := ® [nD\). 

n >0 n>0 

Lemma 3.6 ( (HP13 , Lemma 4.1.1]). Rg(X, A, D) is an ideal of R(X,D). 

Proof. This follows from an argument similar to the proof of [HP 13. Lemma 4.1.1], 

□ 


Notation 3.7. We denote by R/Rg(X, A, D) the quotient ring of R(X,D ) modulo 
R S (X, A, D). 


We recall that the assumption (ii) of the main theorem (Theorem II.ip : there 
exists an m 0 > 0 such that S°( Xjj, Ajj, am(K x _ + Ajj)) = B°(X W , am(K Xjf + A p )) 
for every m > m 0 . This is equivalent to the condition that there exists an integer 
m 0 > 0 such that the degree m part of R/Rg( Xjj, A p , a(K X - + Ajj)) is zero for every 
m > uiq. Note that the existence of such m 0 is equivalent to the finiteness of the 
dimension of k- vector space R/Rg( Xjj, Aa(K X - + A ^)) 

Definition 3.8. In the situation of Notation 13. 11 assume that each connected com¬ 
ponent of X is integral. An AC divisor D is said to be fiiiitely generated if R(X, D) is 
a finitely generated /c-algebra. A Z( p )-AC (resp. Q-AC) divisor Y is said to be finitely 
generated if there exists a finitely generated AC divisor D such that Y = D ® A for 
some 0 < A G Z( p ) (resp. Q). 


Lemma 3.9. Let R = 0 m>o R m be cl graded ring. Assume that R is a domain and 
Ro is a field. 

(1) If the n-th Veronese subring R ( A := 0 m>o -R mn is a finitely generated R 0 - 
algebra for some n > 0, then so is R. 

(2) Let a C R be a nonzero homogeneous ideal, and suppose that R is a finitely 
generated R 0 -algebra. IfR^/a^ is a finite dimensional Ro-vector space for 
some n > 0, then so is R/a, where ch"-) := 0 m>o a mn . 


Proof. For the proof of (1) we refer the proof of | IHK10 , Lemma 5.68]. For (2), 
let / > 0 be an integer divisible enough. Then there exists no > 0 such that 
<h+n Q Ri+n = R n • Ri = R n • &i C a^ +n for each n > n 0 , and hence a m = R m for 
each m^> 0 , which is our claim. □ 


As mentioned after Notation 13.71 the assumption (ii) of the main theorem 
(Theorem 11.11) satisfied if and only if R/Rs{X^, A p , a(Ii X - + A p )) is finite di¬ 
mensional as fc-vector space. This condition is equivalent to the condition that 
R/Rs(X jj, Ajj, an(K X - + Ajj)) is finite dimensional for an integer n > 0 by ( 2 ) of the 
above lemma. 

Definition 3.10. In the situation of Notation 13.11 we denote the kernel of f^ x/Xj '■ 

F'x^fxx) *■ by ^f x x) f° r every integer e > 0. When A = 0, we denote B e j x 
by B x . 















10 


SHO EJIRI 


Example 3.11. In the situation of Notation 13.11 assume that X is projective, and 
(p c — 1 )(Kx + A) is Cartier for some c > 0 divisible by d. Let H be an ample 
Cartier divisor. We show that R/Rg(X, A, H) is finite dimensional if and only if 
(A", A) is F-pure. By the Fujita vanishing theorem, there is an m > 0 such that 
H l {X, B( X A) (mH + N )) = 0 for every nef Cartier divisor N. We may assume that 

mH — (K x + A) is nef. If (A", A) is F-pure, or equivalently if (j )| ^ A ^ is surjective, 

then so is the morphism H °(A", </>| A A ^ <g) O x (mH + N )). Furthermore we see that 

H°(X, 0<J a) <g) O x (mH + N)) is also surjective for each e > 0, because of the 

definition of y A) an d the following isomorphisms 

(FxMUa, ® d?,A))) ® Ox(mJf + N) 

=Fx. (^A) ® Ox(mH + (p“ - 1 )(mH - (K x + A)) +p“JV)) . 

This implies that S' 0 (A, A, mF + iV) = H°(X, mH + N) and that R/Rg(X, A, H ) is 
finite dimensional. Conversely it is clear that if R/R$(X, A, H) is finite dimensional, 
then a) surjective, or equivalently, (A, A) is F-pure. 

The above example shows that if (A^, A jj) is F-pure and K X - + A^ is an ample 
Z( p )-Cartier divisor, then the assumption (ii) (and (i)) of the main theorem (Theorem 
m holds. We next consider the value of such m 0 in the case when X^ a curve. 
Corollary 13.141 provides a value of such mo effectively when K X - + A^ is ample. 

Lemma 3.12. Let X be a Gorenstein projective curve, and let H be an ample 
Cartier divisor such that H — K X is nef. Then for each integer e, m > 1, 

H\ A, B e x ® Ox{K x + mH)) = 0 . 

Moreover if X is F-pure, then 

S°( A, K x + mH) = H°( A, K x + mH). 


Proof. Clearly the second statement follows from the first and the long exact se¬ 
quence of cohomology induced from the surjective morphism (j) A ^®O x (K x +mH). 
We prove the first statement. Let v : C —> X be the normalization. Then a com¬ 
mutative diagram of varieties 


C 



c 


v 


V 


X 



X 


induces a commutative diagram of Ojf-modules: 


0 


v*Tr F e 

v*Bq(K c ) - v*FqJjj c —/ywc 


a 

B X {K X ) 


F x, Tr, 


Tr„ 


Tr a 


UJ X 


0 


0 


F x* u x 
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Since each vertical morphism is an isomorphism on some dense open subset of X, 
the kernel and the cokernel of a are torsion Ox-modules. Furthermore since B e c has 
no torsion, we see that a is injective. For each m > 0, the following exact sequence 

0 -A (v*B e c (K c ))(mH) B e x {K x + mH ) —> coker(a) —>■ 0, 

induces a surjection 

H\C, B e c (K c + mu*H)) ^ H\X, (; u*B e c {K c ))(mH )) -» H\X, B e x (K x + mH)). 

Moreover, since u*H is ample and 

i/II - K c — u*(H — K x ) + u*K x - K c ~u*{H- K x ) + E 

is nef, where E is effective divisor on C defined by the conductor ideal, we may 
assume that X is smooth. Then we have H 1 (X,mpH) = H°(X,K x — mpH) = 0 
for each m > 1 by the Serre duality. For each m > 1 there exists an exact sequence 

0 —>■ O x (mH) —>■ F x ,O x {mpH) -> B ] X {K X + mH) ->• 0 
induced by Cartier operator, which shows that H 1 (X,B x (K x + mH)) = 0. This 
implies H°(X, <^ x <E> O x (K x )) is surjective, and thus H°(X, <^ x <g> O x (K x + mH)) 
is also surjective for every e, m > 1 because of the definition of (j) x \ Hence the exact 
sequence 

0 -A B' X (K X + mH) F x .,0 x (K x + mp e H) ^° x[K E +m : H \ O x (Ii x + mH) —> 0 

induces the following: 

H\X, B X (K X + mH)) -A H\X, O x {K x + mp e H)) ** H°(X, - mp e H) = 0. 

□ 

Proposition 3.13. In the situation of Notation \3. 11 let X be a projective curve, let 
K x + A is nef and let H be a Cartier divisor. Assume either that (i) H + (a — 1 )K x 
is ample and H + (a — 2)K X is nef, or that (ii) X = P 1 and H is ample. Then for 
each e > 0, 

H\X, Bf XA) ® O x (a(K x + A) + H)) = 0. 

Moreover if (A", A) is F-pure, then 

S°(X, A, a(K x + A) + H) = H°(X, a(K x + A) + H). 

Proof. Clearly the second statement follows from the first and the long exact se¬ 
quence of cohomology induced from the surjective morphism 0 $,a )®O x (K x +mH). 
We prove the hrst statement. Let E' be an effective Cartier divisor satisfying 
O x {E') C O x (E) and A' := E'/a. For each e > 0 there is a commutative dia¬ 
gram 

<t>{ d x A) ®O x (a(K x +A)+H) 

FxTj] A) (p d ‘Wi x + A) + H)) -- O x (a(K x + A) + H) 

J ^ e) A/) ®0 A -(a(K x +A')+R) 

FxAf’ A p <k « K x + A') + H)) —► O x (a(K x + A') + H) 
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where the vertical morphisms are natural inclusion. This induces the injective mor¬ 
phism 

B$A'M k x + A ') + H) B$ A) (a(K x + A) + H) 

whose cokernel is a torsion Ox-module. Hence it suffices to prove that 
H 1 (X, £>(x,a) {a{K x + A') + H)) = 0. When (i) holds, we set E' = 0. By the 
previous lemma we have H 1 (X,Bx(aK x + H)) — 0 . When (ii) holds, we may as¬ 
sume a(K x + A') ~ 0. Then it is easily seen that dim H ] (X. B ( { e x A ,j) < 1. Since 
every vector bundle on P 1 is isomorphic to a direct sum of line bundles, we have 
H x (X, B( X = 0. This completes the proof. □ 

The following corollary will be used to prove weak positivity theorem for hbrations 
of relative dimension one (Corollary 15.4p . 

Corollary 3.14. In the situation of Notation 13.11 assume that X is a projective 
curve and (A, A) is F-pure. If K\ + A is ample ( resp. K x is ample and a >2), 
then for each m > 2 (resp. m > 1), 

S°(X, A, am(K x + A)) = H°(X, am(K x + A)). 

Proof. We note that a Gorenstein curve has nef dualizing sheaf unless it is isomorphic 
to P 1 . Hence the statement follows from the above proposition. □ 

Remark 3.15. F-pure singularities of curves are completely classified |GW77j . For 
example, nodes are F-pure singularities, but cusps are not. 

We next study Frobenius stable canonical rings of varieties with semi-ample canon¬ 
ical bundles in any dimension. For such varieties, Corollary 13.181 provides a criterion 
of the finiteness of the dimension of R/Rs in terms of the singularity of the canoni¬ 
cal models. This is obtained as an application of Theorem 13.171 which is a kind of 
canonical bundle formula. 

In order to formulate the problem, we start with an observation of Iitaka hbrations. 

Observation 3.16. Let X be a normal projective variety, and let A be an effective 
Z( p )-Weil divisor on X such that K X + A is a semi-ample Q-Cartier divisor. Let 

f '■ X Y := Proj R(X, K x + A) 

be the Iitaka Lbration. Then there exists an ample Q-Cartier divisor H on Y 
satisfying f*H ~ K x + A. Let Y 0 C Y be an open subset such that f 0 := f\x 0 ■ 
A " 0 —> Y 0 is hat, where X 0 := f~ 1 (Y 0 ). 

(I) Assume that R$(X, A, K X + A) ^ 0. Then there exists an integer m > 0 such 
that mA is integral and S°(X, A, m(Kx + A)) ^ 0. This implies that 

S°(X, A, ((m - 1)/ + 1 )(K X + A)) + 0 

for some e! > 0 divisible enough. Since p\(rn — 1 )p e ' + 1, there exists an e > 0 such 
that S°{X, O x ((p e - 1 ){K X + A))) ^ 0 . We set R' := (1 - p e )(K x + A). Let rj 
be the generic point of Y. By the assumption, O x (—R')\x ri is a torsion line bundle 
on X v with nonzero global sections, and thus it is trivial. Hence Ox(R')\x v is also 
trivial, and f*O x (R') is a torsion free sheaf on Y of rank one. Then there exists an 
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effective Weil divisor B supported on X \ X 0 such that f*O x (R! + B) = Oy(S) for 
some Weil divisor S on Y. We set R RI + B — (1 — p e )(K x + A) + B. Then 

R = K X + A + B- p e (K x + A) K x + A - p e f*H. 

Replacing e, we may assume that p e H is Z( p )-Cartier, and thus there exists an integer 
a > 0 not divisible by p such that a A is integral and H' := ap e H is Cartier. Then 
we have 

aR ~ a(K x + A) + aB - f*H'. 

(II) In the situation of (I), after replacing e by its multiple, we assume that ( p e — 
1 ){K X + A) is base point free. Then we may take ( p e — 1 )H as Cartier. In this case 
we have O x (R') = f*Oy(( 1 — p e )H ), and thus we may choose B = 0, R = R' and 
S = (1 — p e )H by projection formula. In particular we have R f*s. 

In a more general situation than the above, we prove the following theorem which 
is a kind of canonical bundle formula (see [DS151 Theorem B] for a related result). 

Theorem 3.17. Let f : X —>■ Y be a fibration between normal varieties, let A be an 
effective Q -Weil divisor on X such that a A is integral for some integer a > 0 not 
divisible by p, and let Y 0 be a smooth open subset of Y such that coclirriT \ Y 0 > 2 
and fo '■= /1A ' 0 : A"o —> Y 0 is flat, where X 0 := / _ 1 (Yo)- Further assume that the 
following conditions: 

(i) (Xjj, Ajf) is globally F-split where rj is geometric generic point ofY. 

(ii) There exists a Weil divisor R on X, such that f*O x (R) = Oy(S) for some 
Weil divisor S on Y and aR ~ a(K x + A) + B — f*C for some effective 
Weil divisor B supported on X \ A " 0 and for some Cartier divisor C on Y. 

Then, there exists an effective Q- Weil divisor Ay on Y, which satisfies the following 
conditions: 

( 1 ) a'Ay is integral for some integer a' > 0 divisible by a but not by p, and 
Oy(a'(Ky + Ay - S)) 2* Oy^'a^C) 'Y f*O x (a'(K x + A + a~ l B - R)). 

(2) For every effective Weil divisor B' supported onX\X 0 and for every Cartier 
divisor D onY, 

S°(X, A, B’ + f*D + R) = S°(Y, Ay, D + S). 

(3) If f is a birational morphism, then Ay = /*A. 

(4) Suppose that A" 0 is Gorenstein and R\ Xo is Cartier. Let T be an effective 
Cartier divisor on X 0 defined by the image of the natural morphism 

0 Xo (-R\ Xo ) <g> fo*(fo*0 Xo (R\ Xo )) ->• 0 Xo , 

and let y be a point ofY 0 . Then the following conditions are equivalent: 

(a) Supp A does not contain any irreducible component of f~ l (y), and 
(Xy, Af) is globally F-split, where y is the algebraic closure ofy. 

(b) y is not contained in /(Supp T) U Supp Ay. 

Note that if R is linearly equivalent to the pullback of a Cartier divisor on Y , 
then replacing C, we may assume that R — 0, S — 0 and T = 0. 

For varieties with semi-ample canonical bundles, Corollary 13.181 provides a crite¬ 
rion of the finiteness of the dimension of R/Rs in terms of the singularity of the 
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canonical models. As explained after Notation 13.71 the finiteness of R/Rs is equiv¬ 
alent to the assumption (ii) of the main theorem ('Theorems II.II or 15.111 . We remark 
that for such varieties, the assumption (i) of the main theorem, that is the finitely 
generation of canonical rings, is always satisfied. 

Corollary 3.18. In the situation of Observation \3.1& (I). 

(1) (A^, A^) is globally F-split, where rj is the geometric generic point ofY. In 
particular, f is separable. 

(2) Let Ay be as in Theorem 13.171 In the situation of Observation 1 3. lb\ (II) 
(i.e. l(Kx + A) is Cartier for an integer l > 0 not divisible by p), 
R/Rs(X, A, Kx + A) is a finite dimensional k-vector space if and only if 
(Y, Ay) is F-pure. 

Before the proof of Theorem 13.171 and Corollary 13.181 we observe morphisms 
induced by the push-forward of the trace map of the relative Frobenius morphism. 
This observation will be also referred in the proof of Theorem 16.131 


Observation 3.19. Let / : X —> Y be a projective morphism from a Gorenstein 
variety A" to a smooth variety Y. Let A = E/a be an effective Z^-AC divisor on 
X whose support does not contain any irreducible component of any fiber of /. Let 
d be the smallest positive integer satisfying a\(p d — 1). Let e > 0 be an integer. 

(I) For every y G Y, we have the following diagram: 

l y \de _ \ r de 

p(de) 

x v'v 
Xrgde 


Let R be a Cartier divisor on X. We denote by 6^ de l the morphism 

W^A)/y ® O x {R)y«) ■ / ( ‘ i ”U«, > A>A-(P* fl ) -» fr-,Ox Y JR)r‘.. 

Here we recall that H,[x\)/y := ^v de ((l — p de )(Kx ds /Y de + A)). 

(II) Let Y 0 C Y be an open subset such that / 0 := f\x 0 ■ W —>• Y 0 is flat, where 
X 0 := f^ 1 (Y 0 ). Assume that y G To an d that E |y 0 is Cartier. Since / 0 is a Gorenstein 
morphism, X ¥ is Gorenstein. Set A y = E\ Xv /a. Then A)/yl(%) de — ^(x- yA-) 
and we have the following diagram of k(lf e )-xe ctor spaces for every e > 0 : 


X de 



Y de 


H°((X v r, C^ nAv) ® Oxij^R)\ (Xv) ,.) - - (f^.C^yy^R)) ® k(V“) 


H° (X vde 4 xL.A^ (p de R)\x ) 


6 ( - de: )®k(y de ) 


H'XX^,O x (R)\ x _J 


(f Y *,O x (R) Y *.)®k(y 1 ‘) 
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(IE) Let Y 1 C Y 0 be an open subset such that dim H°(X y , Ox(R)\x y ) is a constant 
function on Yj with value h. If y £ Y\ , then the horizontal morphisms in the above 
diagram are isomorphisms by [ Har771 Corllaryl2.9]. Hence for every e > 0 we have 

clim fcfi7) im (H°(Xy, ^x v a v ) ® °x(R)\x v )) 

= dimfc^e) im(77°(A^e, (f^/vAy) ® ° X ( R ) U_ d J) 

= dim fc( ^ ) im( 0 (' ie )®fc(/ e )) 

=h — dim fe (^de) coker ( 6 *^ <g) k(y de )) 

=h - dim fc( ^ e) (coker( 6 *^)) <g> A:(/ e ). 

Here, the last equality follows from the right exactness of the tensor functor. 

(IV) Assume that ( p d — 1 )(K x /y + A — i?)|vi ~ f*C for some Cartier divisor C on 
V, where Ah := /^(W) and A := f\ Xl ■ A, -»• V,. Then 

C-^Ay) ® ® Xde (p dCR )\(Xy) de — 0 X de(R) \{Xy)^ 

for every y G Y\. Thus we can regard H°(Xy, <j>^_ A-) <g) Ox(7?)|y_) as the e-th 
iteration of the (p _rf -hnear) morphism 


r := a _, ® Ox(ii)U_) : iJ 0 (X F , OxMU,) -> »°(*y> ©xOTUA 

If e > h, then im(r e ) = im(r h ), and thus 

® £>x(i?)M = S°(Xy, Ay, O.v(fl)ky). 

Hence by (3), we see that 


dim fe(5 ) S 0 (X ¥ , A ¥ , O x {R)\x y ) = h- dim k ^d e) (coker (0 (de) )) ® k^). 

In particular, since the function dirn^ de ^ (coker (6^)) ® k{y de ) on Y de is upper 
semicontinuous, the function dim fc ^ S°(Xy, Ay, Ox(R)\x v ) on V is lower semicon- 
tinuous. 


Proof of Theorem \3.n[ Let d > 0 be an integer such that a\(p d — 1). 

Stepl. We define Ay and we show that this is independent of the choice of d. We 
first note that, for each e > 0 there exist isomorphisms 

f*O x ((l-p de )(Kx+A)+p de R) 

=f*O x (( 1 - p de )(Kx + A + a~ l B - R) + (p de - \)a~ l B + R) 

=O y ((1 - p^a-'C) ® f*O x ({p de - 1 )a~ 1 B + R) 

*0 Y {(l-p de )a- 1 C)®f*0 x (R) 

=O y ((l - p de )a- x C + S). 

Since Y is normal, to define Ay we may assume Y = Y 0 and A" is smooth. Then for 
each e > 0 we have 

f! de) £(XA)/y(p de R) = Oy*((1 - P de )(a- l C - Kyde ) + S) and 
fyd^O x de{Ryd e ) Fy e *f*Ox(R) = Oy de (p de S), 
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thus 

0<*> := /k-„0S*V ® : fi*'C$ ) AVY l/'R) -> M,O v (V) 

is a homomorphism between line bundles. By the assumption of the global in¬ 
spiriting of we see that the left vertical morphism of the diagram in Ob¬ 

servation 13.191 (II) (for y — rj) is surjective, and hence by Observation 13.191 (III) 

Q{de) 

is generically surjective for every e > 0. Thus 6^ defines an effective Cartier 
divisor E ^ on Y. Then for every e > 1 we have E C e ) = p d i£W e-1 )) + E <cl \ because 
relations between morphisms 

S'*' ~fY«d$ AVY ® 0 Xyd , (Ryy.) 

~fv de * (^(x,A)/r ® ^A" ydle _i, 

o /«'-'» a)/KJ( ._ 0 ® (c\ d <‘El,) yd€ ip^Ry,.) 

o (9 {d) <8> Oyde((p d(e_1) - l)(a -1 C - Kyde))) 

implies that E^ = (p d ( e_1 ) + • • • + p + 1 )E^ = ( p de — 1 ){p d — 1 )~ l E^ for every 
e > 0. We define Ay := ( p d — 1 )~ 1 E( d >, this is independent of the choice of d by the 
above. Note that by this definition 

f*O x ((p d - 1 ){K x/ y + A - R)) =Oy((p d - l)(a _1 C - K Y )) 

= Oy(( P d -l)(Ay-S)), 

which proves (1). 

Step2. We show that for each e > 0 there exists a commutative diagram 


Fde „(*) 

r Y A(y,A y ) 


Oy(S) 


f rpde ride) 

J* r X 


(p de R) 


lj](de) 


f*O x (R) 


where := A) ® &x(R))**)- It is clear that each object of the above 

diagram is a reflexive sheaf, so we may assume that Y = Y 0 and A" is smooth. Since 
F x = ( f y)x o F x]y, we have 

0(x,A) ® Ox{R) :=Tr F d <8 )ui x 1 (R) = ^Tr( F d) x o (F d ) x ^ F (d)^j <8 )uj x 1 (R) 

— f((/*Tr p Y ) o x /y) ° ( F y)x* Ft f w^J Qw^iR) 

^(f*^ d) ® 0 *(i 2 )) O (i#)*„ (^S |A)/y ® fy^y/(R y *)) ■ 

We note that 0y ^ is a morphism between vector bundles on Y, thus is decom¬ 
posed into 

ipw =(0l d) 9 Oy(S)) o F d ^ ® culr/). 
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On the other hand, by the definition of Ay, there exists a commutative diagram 
O y {{ 1 - p d )Ay + p d S) -- 0 Yd (p d S) 


f (d K^x.A)lr(P d R) J! — fY‘.Ox r AR Y ‘)- 




**~'(X,A)/Y 


Applying the functor F d ^(( _) ® uj y p ) to this diagram, we have the following: 


(F$.O y (( 1 - p d )(K Y + Ay))) ® O y (S) 


(F d y Y pd ) ® CV(5) 


FY,f"',Y$ M (p d R) 


F$*(0W®ulr- P ) ,_ J 


(i^4-o ® /*o Y (i?). 


Hence by the decomposition of and the definition of </>( YAy \, the claim is proved 
in the case when e — 1. Furthermore, for each e > 0 we have 

<P idfe+1)) =(/.( 0 (A) ® °x(R))) ° !.Fx.(<$<., A) ® 

^(*) O ® O x „.(« + (1 - + A - «))) 

=<A) ® CV(S) ° f?,(«$,<„® Or*.(S + (1 - P^Ja-'C)) 

=4t'h) ® ®v(5) ° jy.WjAay) ® O ya ,((l - p^K/iy + Ay) + p*S)) 

=^yiv> ® °y( s ) ° ® ® <MS). 

This is our claim. 

Step3. We prove statements (2)-(4). (3) is obvious. We show (2). By the definition 
of 4^x Ay we ma F assume that X is smooth. Then there is a commutative diagram 




FpJ^KC^^U’D + R)) - 
F?J ( '“>,C , ixA)(P de U‘ D + B ' + «)) 


^( de )®Oy(D) 


(f*O x (R))(D) 


A(^[x,a )®o Y {f* D +R)) 


f* (^(X,A) (ro+B'+R)) 


— f*O x (f*D + R ) 
/A(ffi + 5' + f?). 


Thus by Step2, 

H°(X, 0<*> A) ® Ox(/ - £> + B' + «)) =B“(V /.WjA) ® 0 -y(/*D + S' + fl))) 

=B°(r, Ayiy) ® < B + 5 ))“), 

which implies (2). For (4), we may assume that Y = Y 0 . Then, since f*Ox(R) 
is a line bundle, we only need to show that the case when f*Ox(R) — O y and 
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R = T > 0. In this case, since R and ( p d — 1 )(K X + A) are Cartier, and since / is 
flat projective, we have H°(X y , O x (R)\x v ) ^ 0 and 

H°(X y ,O x ((l-p d )R)\ Xy ) = H°(X y ,O Xy ((l-p d )(K Xy + A y )))^0 

for every y G Y by assumptions and upper semicontinuity [Har771 Theorem 12.8]. In 
particular, if X y is reduced then O x (R)\ Xv = 0 Xy , because every nonzero endomor¬ 
phism of a line bundle on a connected reduced projective scheme over a field is an 
isomorphism. Hence the isomorphism O y — f*O x (R ) shows that the support of R is 
contained a union of nonreduced fibers. Set 17 := {y G Y\H°(X y , O x (R) y ) = k(y)}. 
Then we have 

Supp Ay | Y\ = Supp coker(6' (d) )|y 1 ={y G Y\ \ S°(X y , A y , O x ( R) \ X -) = 0}, 

where the first (resp. the second) equality follows from the definition of Ay (resp. 
Observation 13. 19h IYl). Now we prove (a)=>(b). In the situation of (a) X y is reduced, 
and so y G Y \ /(Supp R). We recall Example 13.41 which shows that the global F- 
splitting of (X y , A y ) is equivalent to the equality S° (X y , A y , O X -) = H°(X y , 0 X -). 
Thus it is enough to show that y G lj. Let {y} be the closure in Y of the set {y} 
with the reduced induced subscheme structure. Let Y' be a smooth open subset of 
{y} such that Ry = 0 and that Supp A does not contain any irreducible component 
of any fiber over Y'. Then for a general closed point y' G Y', 

dim,, S°(X y ,, A y ,, 0 Xy ,) = dim k{y) S°(X y , A y ,, 0 Xy ) 

= dirn fe( y) H°(X y , 0 Xy ) = dinp, H°(X y ,, 0 Xyl ), 

where the first (resp. the third) equality follows from lower semicontinuity proved 
in Observation 13.191 (IV) (resp. upper semicontinuity). Thus (X y ,,A y ,) is globally 
F-split, and in particular X y , is reduced. Since k is algebraically closed, we have 
H a (X y ,, 0 Xy ,) = k, and hence H 0 (X y ,O Xy ) = k(y ), or equivalently, y G Y x . To 
prove (b)=^(a), we replace Y by its affine open subset contained in Y \ (Supp A>' U 
/(Supp R)). Then the surjectivity of 9 ^ shows that y Y '■ F X / y £(xa)/y 
Ox Yd is split, and thus so is ^ XA)/Y \x. d ■ F^l /y J,Cf ^ A)/Y | (x _ )d ) —> O x _ d . This 
means that A does not contain any irreducible component of f~ 1 (y), so A y is well- 
defined, and we have 4>[ x X y Y \x- d — _y y , which completes the proof. □ 

Proof of Corollary 13.181 We use the notation of Observation 13.161 Let l > 0 be 
an integer such that l(K x + A) is Cartier and base point free. We replace Y by 
its smooth locus L sm , and X by the smooth locus of /~ 1 (K j m)- As in the proof of 
Theorem 13.171 we set 

1 := /.(dA) ® md « (e| ; = fy-M S, M/y ® o x (r) y .) 

for every e > 0 divisible enough. Since S°(X, A, (p d — 1 )(K X + A)) ^ 0, we have 
0 y^S°(X, A, (l — l)(p d — F)(K x + A)) 

^S°(X, A, (l - 1 )(p d - 1 )(K X + A ) + B) = S°(X, A, f*l(p d - 1 )H + R). 
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This implies the morphism 

/*(0($,A) ® ° X (f*l(P d - l ) H + R)) = ^ (e) ® 0 Y (l(p d - 1 )H) 

is nonzero for an e > 0 divisible enough, where the isomorphism follows from pro¬ 
jection formula. Hence is also nonzero. By an argument similar to Step2, we 
can factor -0^ into (0y ) ® O y (S )) o Fy-Jd^ <g) uj\~ p ), and hence 6^ is nonzero. 
Thus 6^®k(rf) = H 0 (Xjj, (P^x-/fj a-)) * s nonz ero, or equivalently, (X y , A^) is globally 
F-split. In particular X y is reduced, and this means that / is separable. We show 
(2). First note that R/Rs(X, A, Kx + A) is finite dimensional if and only if so is 
R/Rs(X, A,l(K x + A)) by Lemma [3791 Let m > 0 be an integer with l\m. Then 
we have H°(X, lm(K x + A)) = H°(Y, lm(K Y + A)). Furthermore, by Theorem 13.171 
(2), we have 

S°(X, A, m(K x + A)) = S' 0 (A", A, f*{mH - S) + R) 

= S°(Y, A Y ,mH - S + S) = S°(Y, A y , mH). 

Thus R/Rs(X, A, l(K x + A)) = R/R S (Y\ Ay, IH ). By Example 13.111 this fc-vector 
space is finite dimensional if and only if (Y, Ay) is F-pure, which is our claim. □ 


Example 3.20. Let / : X — > Y be a relatively minimal elliptic fibration. In other 
words, let / be a generically smooth fibration from a smooth projective surface 
X to a smooth projective curve Y, whose fibers have arithmetic genus one and 
do not contain (—l)-curves of X. Then by the canonical bundle formula [BM77 
Theorem 2], we have 

r 

K x ~ f*D + li p i, 

2=1 

where D is a divisor on Y, rriiFi = X y . is a multiple fiber with the multiplicity m,, 
and 0 < U < rrii. Let m be the least common multiple of mi, ..., m r , and let a, e > 0 
be integers such that m = ap e and p\ a. We set 



rriiFi 


for some d > e satisfying a\(p d — 1). Here, recall that for every s 6 Q, {s} is the 
fractional part s — |_sj of s. It is easily seen that f*Ox(R) — O y and 


r 

aKx — aR ~af*D + a l t F t — a 

2=1 


£(1-/)(,*< +a £1. 

2=1 2=1 


(1 ~P d )li 
rrii 


J rriiFi 


=f(aD + J2( 

2=1 


alip d 

m.i 


+ a [ 


(1 — p d )lj 

rrii 


J)yO- 


Thus, a and R satisfy condition (ii) of Theorem 13.171 Furthermore, assume that 
the geometric generic fiber of / is globally F-split, or equivalently, is an elliptic 
curve with nonzero Hasse invariant. Then by Theorem 13. 171 there exists an effective 
Z( p )-divisor Ay on Y such that 

S°(X, f*D f + R) = S°(Y, Ay, D') 
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for every divisor D' on Y, and y\,... ,y r G f(R) U Ay. Remark that if p \ rrii for 
each i, then mi\(p d — 1), and so R = 0. 

Finally, applying Theorem 13.171 we show that for a smooth projective surface X 
of general type, R/Rs(X, Kx) is finite dimensional (Corollary I3.23p . 


Corollary 3.21. Let f : X —>■ Y be a birational morphism between normal projective 
varieties, let A be an effective Q-Weil divisor on X, and let Ay := /* A. Assume that 
a(K Y + Ay) is Cartier for some a > 0 not divisible by p and (Y, Ay) is canonical. 
Then for each m > 0, 

S°(Y, Ay, am(Ky + Ay)) = S°(X, A, am(K x + A)). 

Proof. Since (Y, Ay) is canonical, R := a(Kx+A)—f*a(K Y +A Y ) is an effective Weil 
divisor on X supported on the exceptional locus of /. Note that f*O x (R) — Oy. 
We set B := (a — 1 )R and B' m := (m — 1 )R for each m > 1. Then we have 

aR = R+ (a — 1 )R = a(K x + A) — f*a(K Y + Ay) + B. 

Thus, by Theorem 13.171 we have 

S°(Y, Ay, am(K Y + Ay)) = S°(X, A, B' m + f*am{K y + Ay) + R) 

^ S°(X, A, am(K x + A)). 


□ 


Corollary 3.22 f jPST14L Excercise 5.15]). Let p : Y ---> Y' be a birational map 
between normal projective varieties, let A be an effective Q-Weil divisor on Y, and 
let A' := ip*A. Assume that a(Ky + A) and afKy + A') are Cartier for some a > 0 
not divisible by p, and that (Y, A) and (Y', A') are canonical. Then, for each m > 0, 

S°(Y, A, am(Ky + A)) = S°(K Y >, A', am(Ky + A')). 

Proof. This follows directly from Corollary 13.211 □ 


The following corollary will be used to prove weak positivity theorem when geo¬ 
metric generic fibers are normal projective surfaces of general type with rational 
double point singularities (Corollary [575]) . Recall that the finiteness of the dimen¬ 
sion of R/Rs is equivalent to the assumption (ii) of the main theorem (Theorems 

OorEI]). 

Corollary 3.23. Let X be a normal projective surface of general type with rational 
double point singularities. If p > 7, then R/Rg(X, K x ) is a finite dimensional vector 
space. 

Proof. By Corollary 13.221 we may assume that A" is a smooth projective surface 
of general type which has no (—l)-curve. Then for each n > 0, nK x is base 
point free, and Y := Proj R(X,K x ) has only rational double point singularities 
[BadOll Theorem 9.1]. When p > 7, Y is F-pure, because of the classification of 
rational double points |Art77, Section 3], and of Fedder’s criterion |Fed83j . Hence 
the statement follows from Corollary 13.181 □ 
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4. Weak positivity and numerical invariant 

In this section, we define an invariant of coherent sheaves on normal varieties 
which measures positivity. This will play an important role in the proof of the main 
theorem. 

We first recall some definitions. 

Definition 4.1. A coherent sheaf Q on a variety Y is said to be generically globally 
generated if the natural morphism H°(Y, Q) Oy —>■ Q is surjective on the generic 
point of Y. 

Viehweg introduced the notion of weak positivity as a generalization of nefness of 
vector bundles. 

Definition 4.2 ( Kol87. Notation, (vii)]). A coherent sheaf Q on a normal projective 
variety Y is said to be weakly positive if for every ample divisor H and for each 
a > 0 there exist some (3 > 0 such that ( S a/3 Q )** <g) Oy(/3H ) is generically globally 
generated. Here ( S a/3 Q )** is the double dual of the a/3 -th symmetric product of Q. 

Remark 4.3. (1) The above definition is independent of the choice of H (e.g.. |Vie95[ 
Lemma 2.14]). 

(2) Q is weakly positive if and only if its double dual Q** is weakly positive. 

(3) Assume that Q is a vector bundle on a smooth projective curve. Then Q is 
weakly positive if and only if it is nef. 

Definition 4.4. Let Y be a normal variety, let Q be a coherent sheaf, and let H be 
an ample Cartier divisor. Then we define 


T(Y,g,H):= < 

£ € Q 

there exists an integer e > 0 such that i 
p e £ G Z and ( Fg*Q)(—p e £H ) is | 



generically globally generated. J 


t(Y, g, H ) := sup T(Y, G,H) gRU {oo}. 


Lemma 4.5. Let Y , C/, H be as in Definition ^ .41 and let F be a coherent sheaf. 

(1) If there exists a generically surjective morphism F —> Q, then t(Y, F, H ) < 

t(Y,g,H). 

(2) t(Y, F, H) + t(Y, g, H ) < t(Y, 

(3) For each e > 0, t(Y, FfYQ, H ) = p e t(Y, Q, H ). 

Proof. This follows directly from the definition. □ 

Proposition 4.6. Let Y be a normal projective variety of dimension n, let Q and 
H be as in Definition ^ .41 and let A be an effective Q -Weil divisor on Y such that 
Ky + A is Q- Cartier. Set t := t(Y 0 , Q\y 0 , H\y 0 ) for an open subset Y 0 C Y satisfying 
codim(Y \ Y a ) >2. If D is a Cartier divisor such that D — (Ky + A) — nA + tH is 
ample for some base point free ample divisor A, then Q**(D) is generically globally 
generated. 

Proof. Since t(Y 0 , Q\y 0 , H\y 0 ) is the supremum, there exists an £ G T(Y 0) G\y 0 , H\y 0 ) 
such that B := D — (Ky + A)—nA+£H is ample. We fix such an e. By the definition, 
p e £ G Z and there is a generically surjective morphism 0 Oy —>■ ( Fg*g)**(—p e £H ) 
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for every e 0. Let l > 0 be an integer such that 1{K Y + A) is Cartier and 
le G Z. For every e > 0, we denote by q e and r e respectively the quotient and 
the remainder of the division of p e — 1 by l. Hence we have following generically 
surjective morphisms 

0 F**0 Y (q e l(B + nA) + (r e + 1 )(D - I< Y + eH) + K Y ) 

—F y * 0 0 Y {q e l{B + nA) + (r e + 1 )(D - K y + eH) + K Y ) 

^A^((A£*£)** ® 0 Y (q e l{B + nA — eH) + (r e + 1 )(D - A» + K y )) 
= F Yif {{Fy*g)** ® O y (—q e lA + p e (D - K Y ) + K y )) 

= ( g**(D) ® F^Oy((l - p e )K Y - qJA))** 

^(g**(D)®F^O Y ((l-p e )K Y )r 

^g**(d), 

where the isomorphism in the fifth line is induced by the projection formula, and 
the last morphism is induced by (f>y\ Therefore, it is sufficient to show that 

Fy*0 Y (q e l(B + nA) + (r e + 1 ){D - Ky + eH) + Ky) 

is globally generated for each e 0. Since 0 < r e < l, by the Serre vanishing 
theorem, we have 

H*(Y, O y (—iA) <g> Fy*O y (q e l(B + nA) + (r e + 1 ){D - Ky + eH) + A») 

=H\Y, Fy*O y {q e l(B + (n - i)A) + (r e + 1 ){D - Ky + eH - iA) + Ky) = 0 

for each z > 0 and e 0. Hence our claim follows from the Castclnuovo-Mumford 
regularity f |Laz04l Theorem 1.8.5]). □ 

Proposition 4.7. Let Y be a normal projective variety, let g be a coherent sheaf, 
and let H be an ample divisor. Ift(Y 0 , G\ Yo , H |y 0 ) > 0 for some open subset Y 0 C Y 
satisfying codim(F \ Y 0 ) > 2, then g is weakly positive. 

Proof. By the hypothesis and Lemma 14.51 we have 

t(Y 0 ,(S a gy*\ Yo ,H\ Yo ) > t(Y 0 ,g® a \ Yo ,H\ Yo ) > at(Y 0 ,g\ Yo ,H\ Yo ) > 0 

for every a > 0. Applying the previous proposition, we obtain an ample Cartier 
divisor D such that ( S a g)**(D) is generically globally generated for every a > 0, 
which is our claim. □ 

The following proposition will be used in Section |6] 

Proposition 4.8. Let Y be a smooth projective curve, let g be a vector bundle on 
Y, and let H be an ample divisor on Y. Ift(Y,g,H) > 0, then g is nef. Moreover, 
ift(Y,g,H) > 0, then g is ample. 

Proof. The first statement follows directly from Proposition 14.71 and Remark 14.31 We 
prove the second statement. By the hypothesis, (. Fy*g)(—H) is generically globally 
generated for some e > 0, so it is a nef vector bundle since Y is a curve. This means 
that Fg*g is an ample vector bundle, hence so is g. □ 
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5. Main theorem 

In this section, we prove the main theorem (Theorem 15.11) . As applications of 
the theorem, we prove weak positivity theorem for certain surjective morphisms of 
relative dimension zero, one and two (Corollaries 15.3115.41 and [5.51 respectively). 

Theorem 5.1. Let f : X —> Y be a separable surjective morphism between normal 
projective varieties, let A be an effective Q- Weil divisor on X such that a A is integral 
for some integer a > 0 not divisible by p, and let rj be the geometric generic point of 
Y. Let H be an ample Cartier divisor on Y. Assume that 

(i) K X - + A jf is finitely generated in the sense of Definition ] 3. 81 and 

(ii) there exists an integer m 0 > 0 such that 

S°( A>, A* am(K X - + A) w ) = H°(X W , am(K x _ + A)„) 
for each m > mo- 

Then f*O x {am{K x + A)) ® u)f am is a weakly positive sheaf for every m > mo- 

Proof. We first note that Xjj is a k(rj )~scheme of pure dimension satisfying S 2 and 
G i, and that each connected component of X Tl is integral by the Stein factorization 
and separability of K(X)/K(Y). Let d > 0 be an integer satisfying a\(p d — 1). 
Stepl. In this step we reduce to the case where X and Y are smooth. Let H 
be an ample Cartier divisor on Y. By Proposition 14.71 it suffice to prove that 
t(Y 0 , ( f*O x (am(K x + A)))|y 0 <g> <Vy 0 am , H\ Yo ) > 0 for each m > m 0 , where Y 0 C Y 
is an open subset satisfying codim(Y' \ Yf) > 2. Hence, replacing A" and Y by 
their smooth loci, we may assume that / is a dominant morphism between smooth 
varieties (the projectivity of / may be lost, but we will not use it). 

We set t(m) := t(Y, f*O x (am(K x / Y + A)), H) for each m > 0. 

Step2. We show that there exist integers l , n 0 > m 0 such that t(l) + t(n ) < t(l + n) 
for each n > n 0 . By the hypothesis (i) and Lemma [XTl R(Xjj, a(K\ w + A)^) is a 
finitely generated fc(r/)-algebra. Hence for every l > m 0 divisible enough there exists 
an no > mo such that the natural morphism 

H°{X w , al(K X - + A)jf) <g) H°(X^ an{K x _ + A)^) —>• H°{X^ a(l + n)(A x _ + A) ? ) 

is surjective. This shows that the natural morphism 

f*O x (al(K x / Y + A)) ® f*O x (an(K x / Y + A)) —> f if O x {a{l + n)(K x / Y + A)) 

is generically surjective, thus we have t{l) + t(n ) < t(l + n) by Lemma [4.51 
Step3. We show that t{mp de — a 1 (j) de — 1)) < p de t(m ) for each e > 0 and for each 
m > mo. By the hypothesis (ii) and Observation 13.191 (hi), there exist generically 
surjective morphisms 

fi de \0 X d. e ({{am — 1 )p de + 1 ){K X de/ Y de + A)) -^f Y de*0 XYde (am(K XYde / Y de + Ayde)) 

—F Y *f*O x (am(K x/Y + A)), 

where a := fY de *( ( l ) ^ x > A)/Y ® ^x Yd e( arn (K XYde / Y de + Ayde))), and the isomorphism 
follows from the flatness of Fy. Hence by Lemma [4.51 we have 

t(mp de — a -1 (p de — 1)) < f(T, Py e */*( w x/ y ( am A)), H) = P de t( m )- 
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Step4. We prove the theorem. Set m > m 0 . If am = 1, then t(l) < p d t( 1) by 
Step3, which gives f( 1) > 0. Thus we may assume am 0 > 2. Let q mje be the quotient 
of mp de — a~ 1 (p de — 1) — no by l and let r mj£ be the remainder for e 0. We note 
that q mj e > 0 since m > m 0 > 2a -1 > a -1 , and that p de — q^ e ILLS. oo. Then 

Step2 Step3 

q m ,et{l) + t(r mj e T no) < t(mp de — a~ l {jp de — 1)) < p de t(m), 

and so c := miri{t(r + 7io)|0 < r < 1} < p de t(m) — g m , e t(7). By substituting l for m, 
we have c < ( p de — qi >e )t(l ) for each e ^ 0, which means t(l ) > 0. Hence c < p de t(m) 
for each e 0, and consequently t(m ) > 0. This completes the proof. □ 

Remark 5.2. There exists a hbration g : S —>■ C from a smooth projective sur¬ 
face S' to a smooth projective curve C such that g*to™/ c is not nef for any m > 0 
|Ray78|[XielOL Theorem 3.6]. This hbration does not satisfy condition (ii) of Theo¬ 
rem 15.11 Indeed, the geometric generic fiber of g is a Gorenstein curve which has a 
cusp, hence by [ GW77 ] it is not F-pure. Since the dualizing sheaf of a Gorenstein 
curve not isomorphic to P 1 is trivial or ample, the claim follows from Examples 13.41 
and 13.111 

Corollary 5.3. Let f : X —> Y be a surjective morphism between normal projective 
varieties, let A be an effective Q -Weil divisor on X, and let a > 0 be an integer 
such that a A is integral. If f is separable and generically finite, then f*Ox(a(K x + 
A)) ®£ny a is weakly positive. 

Proof. Since / is generically finite, the natural morphism 

f*Ox(aKx) <S> Wy" —> f*Ox(a(Kx + A)) <g) c o Y a 

is an isomorphism at the generic point of Y. Thus it is enough to show the case of 
A = 0. Since the geometric generic fiber Xjj is a reduced k(jj)- scheme of dimension 
zero, the assertion follows directly from Theorem 15.11 □ 

Corollary 5.4. Let f : A" —>• Y be a separable surjective morphism of relative 
dimension one between normal projective varieties, let A be an effective Q -Weil 
divisor on X, and let a > 0 be an integer not divisible by p such that aA is integral. 
Assume that (Xjj, Ajf) is F-pure, where rj is the geometric generic point of Y. If 
Kx- + Arj is ample ( resp. K X - is ample and a > 2 ), then f*Ox(a7n(Kx + A))®ujy arn 
is weakly positive for each m > 2 (resp. m > 1). In particular, if every connected 
component of X^ is a smooth curve of genus at least two, then f*u>x ®u>Y m is weakly 
positive for each m > 2. 

Proof. Let U C X be a Gorenstein open subset such that codim(X \ U) > 2 and 
that aA|j/ is Cartier. Since dim(X \U) < dimX — 2 = dim Y — 1, X \ U does not 
dominate Y. Thus there exists an open subset Y 0 C Y such that f\x 0 : A" 0 —» Yo is a 
Gorenstein morphism and that aA|x 0 is Cartier, where X 0 := /^ 1 (To). In particular, 
Xrj is Gorenstein and (aA)^ is Cartier. Thus the statement follows directly from 
Corollary 13.141 and Theorem 15.11 □ 




















WEAK POSITIVITY THEOREM 


25 


Corollary 5.5. Let f : X —>■ Y be a separable surjective morphism of relative 
dimension two between normal projective varieties. Assume that every connected 
component of geometric generic fiber is a normal surface of general type with rational 
double point singularities, and p > 7. Then f*uj™ ®uo Y m is weakly positive sheaf for 
each m 0. 

Proof. We note that in this case K x is finitely generated (cf. |Bad01I Corol¬ 
lary 9.10]). This follows from Corollary 13.231 and Theorem 15.11 □ 


6. Semi-stable fibration 


In this section, we discuss the weak positivity theorem in the case of a semi-stable 
fibration. We begin by recalling some definitions. 

Definition 6.1. A projective fc-scheme C of dimension one is said to be minimally 
semi-stable if: 

• it is reduced and connected, 

• all the singular points are ordinary double point, and 

• each irreducible component which is isomorphic to P 1 meets other compo¬ 
nents in at least two points. 

Definition 6.2. Let X be a smooth projective surface, and let Y be a smooth 
projective curve. A fibration / : X —> Y is called semi-stable fibration if all the 
fibers are minimally semi-stable. 


Definition 6.3. A fibration / : X —> Y is said to be isotrivial if for every two closed 
fibers are isomorphic. 


Notation 6.4. Let / : X —> Y be a semi-stable fibration whose geometric generic 
fiber Xjj is a smooth curve of genus at least two. 


In the situation of Notation 16.41 by |Kol90l 4.3 Theorem] or by Corollary 15.41 
f* tJ j‘x/ Y a ne f vec f° r bundle for each m > 2. In the first part of this section, we 
give a necessary and sufficient condition in terms of / for these vector bundles to be 
ample (Theorem 16.8ft . In the second part, we consider the positivity of jjojx/y- 


Example 6.5. In the situation of 16.41 assume that / is isotrivial. Then there exists 
a finite morphism ip : Y' —>■ Y from a smooth projective curve Y' such that there 
exists a commutative diagram 


Z Z x fc Y' —Xy -*- X 


k 


h 

Y' 


fy> 


' ’ 



/ 

y, 


where Z is a closed fiber of / |Szp79| . Let D be an effective divisor on X such 
that (. K x / y ■ D) = 0. Then since uJzx k Y'/Y' — g*^>z, and since coz is ample, each 
irreducible component of D Y > is a fiber of g, thus we have D Y i ~ g*E for some 
effective divisor E on Z. Then for each integer m > 1, we have 

ip*f^ /Y (D) = Ku^ ZXkYI) /Y'(D Y 0 ^ h*g*u%(E) = H°(Z, u™(E)) ® k Oy, 
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and the right-hand side is trivial, so is <p*f*u)x/ Y (D). In particular, is 

not ample for each m > 1. 

In order to prove Theorem 16.81 we recall some results due to Szpiro and due to 
Tanaka. 


Theorem 6.6 ( |Szp79 Theorem 1]). In the situation of Notation ^ .41 assume that 
f is non-isotrivial. Then ujx/y is ne / and big- Furthermore, an integral curve C in 
X satisfies (. ujx/y-C ) = 0 if and only if C is a smooth rational curve with (C 2 ) = —2 
contained in a fiber. 


Theorem 6.7 ( [Tanl2i Theorem 2.6]). Let X be a smooth projective surface, let B 
be a nef big IBL-divisor whose fractional part is simple normal crossing, and let N 
be a nef M -divisor which is not numerically trivial. Then there exists a real number 
r(B,N ) > 0 such that 

H\X, K x + \B] + rN + N') = 0 

for each i > 0, for every real number r > r(B , N), and for every nef M -divisor N' 
such that rN + N' is a Z-divisor. 


Theorem 6.8. In the situation of Notation 16.41 let A be an effective Z^y divisor 
on X. Assume that [A^J = 0. Then the following conditions are equivalent: 

(1) / is non-isotrivial or (. K x /y • A) > 0. 

(2) f*Ox(rn(K x /Y + A)) is ample for each m >2 such that mA is integral. 

(3) UO x {m{K x ,Y + A)) is ample for some m > 2 such that mA is integral. 

In particular, f*oo™/ Y is ample for each m > 2 if and only if f is non-isotrivial. 

Proof. (2) =>■ (3) is obvious. (3) =>■ (1) is follows from Example 16.51 thus we have 
only to prove (1) (2). 

Stepl. We show that if / is isotrivial, then there exists an e\ G (0,1) flQ such that 
Kx/y + ^A is ample for every e € (0,£i) D Q. We may assume that X = Z Xk Y 
for a smooth projective curve Z of genus > 2, and / : X —> Y is the second 
projection. By the assumption of (1), there is an irreducible component Aj of A 
such that g(Ai) = Z, where g : X —> Z be the first projection. Thus there exists 
an £i G (0,1) D Q, ( K x /y + ^A ■ C) > 0 for every £ G (0, £i) D Q and for every 
integral curve C in X. This means that Kx/y + is an ample Q-divisor by the 
Nakai-Moishezon criterion. 

Step2. Let H be an ample divisor on Y . We show that there exists an e 2 G [0, £i)flQ 
satisfying H 1 (X,m(Kx/Y + £ 2 A) — f*H) = 0 for each divisible enough m > 0. When 
/ is isotrivial, this follow from Step 1 and the Serre vanishing theorem. We assume 
that / is non-isotrivial, and set e 2 := 0. Since K x /y is nef and big by Theorem 16.61 
there exists an integer n > 0 such that nK x /Y — f*(Ky + H) ~ B for some effective 
divisor B. Let C be an integral curve in X satisfying (B ■ C) < 0. Then we have 

(/* (AV + H) ■ C) > {B + r (A> + H) ■ C) = ( uKx/y ■ C) > 0, 

so C dominates Y, hence ( Kx/y • C) > 0 by Theorem 16.61 Replacing n by a larger 
one if necessary, we may assume that B is also nef and big. Then for every m /$> 0, 
we have 


H\X, mKx/Y - f*H) = H\ X, K x + B + (m - n - T)K X/Y ) = 0, 
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where the second equality follows from Theorem 16.71 

Step3. We show that t(Y, f*Ox{in(Kx/Y + £ 2 A)), H) > 0 for each divisible enough 
m > 0. There exists an exact sequence 

0 -A O x (m(K x/Y + £ 2 A) - f*H - X y ) -A Ox(m(K x/ Y + £ 2 A) - f*H) 

A 0 Xy {m(KxiY + £ 2 A) - f*H) —>■ 0 

for every closed point y eY. By Step 2, since H + y is ample, H°(X,p) is surjective 
for each divisible enough m > 0. This means that 

f*O x {jn(K x /Y + £ 2 A) — f*H ) = {f*O x {rn{K x /Y + £ 2 A)))(—H) 

is globally generated, and we have t(Y, f^O x {m{K x /Y + £ 2 A)), H) > 1 > 0. 

Step4. Let a be an integer not divisible by p such that aA is integral. We show 
that f*O x (cLm(K x /Y + A)) is ample for each m > 2/a. Set £3 := l/{jp b + 1) for some 
integer b^> 0. Then, since (Xjj, (1 + £ 3 )A^) is F-pure by Fedder’s criterion [Fed83] . 
the proof of Theorem 15.11 shows that 

t(Y, f*O x (m(K x/Y + (1 + £ 3 )A)), H) > 0 

for each divisible enough m > 0. On the other hand, let n 0 > 2 be an integer such 
that 

H 1 (X 1 j, cn(( 1 — £2 — e^Kxjj + (1 — £2 ~ £3 ~ 2£2^3)A jj)) = 0 
for some divisible enough integer c > 0 and each n>riQ. This means that 

Ox w (c(l - £ 2 )n(K Xir + (1 + £ 3 )^)) 

is 0-regular with respect to D n := c£^n{K x ^ + £ 2 Arj)), where note that D n is a very 
ample divisor on X Tr Hence the morphism 

H°(Xrf, c( 1 - £ 2 )n(Ax_ + (1 + £ 3 )Ajj)) ® H°(Xrj, D n ) 

—)■ H°{Xrj, c(l — £2 + £ 3 )n(K Xjr + Ajj)) 

is surjective by the Castelnuovo-Mumford regularity [Laz04 , Theorem 1.8.5]. From 
this, the morphism 

f*O x (c( 1 — £ 2 )ti(R X /y + (1 + £ 3 )A)) <g) f*O x {c£ 3 n{K x /Y + £ 2 ^)) 

—t’ f*Ox(c( 1 — £2 + £ 3 )n(K x /Y + A)) 
is generically surjective. By Lemma 14.51 and Step3, we have 

t(Y, f*O x (c( 1 — £2 + £3 ) n {K x /Y + A)), H) > 0. 

From now on we use notation of the proof of Theorem 15.11 There exists an integer 
l > 0 divisible enough such that t(l) := t(Y, f*O x (l(K x /Y + A)),iL) > 0. By an 
argument similar to Step2 in the proof of Theorem 15.11 there exists a ho > 0 such 
that t(l ) + t(h) < t{l + h) for every h > Iiq. By Corollary 13. 141 we have 

Ajj, am(K x : n + A?/)) = H°{X ^ am{K Xjf + A w )) 

for each m > 2/a. Thus by an argument similar to Step3 and 4 in the proof of 
Theorem 15.11 we have 

) + t(r miC + h 0 ) < t(mp e - a~ l {p e - 1 )) < p e t(m), 
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for every e > 0 with a|(p e — 1). Here, q m<e > 0 and r mi6 respectively the quo¬ 
tient and the remainder of the devision of mp e — a^ 1 (p e — 1) — /i 0 by l. Hence 
we obtain t(Y, f*O x (am(K x /Y + A)),// - ) > 0 for each m > 2/a, which implies 
f*Ox(am(Kx/Y + A)) is ample by Proposition 14.81 This completes the proof. □ 

The following example shows that we can not drop the assumption [AjjJ = 0 in 
Theorem 16.81 


Example 6.9. In the situation of Notation 16.41 let A be an effective Q-divisor on 
X, and let C be a section of /. Taking blow-up, and replacing A and C by their 
proper transforms, we may assume that A and C are disjoint. Set A' := A + C. 
Then, for some integer a > 0 such that a A is integral and for each m > 2/a, there 
exists an exact sequence 

0 —y (D x /y + A') — (7) —> (D x (aTiri[K x /Y T A© —> Oq —> 0. 

This induces a nonzero morphism 

f*Ox(am(K x /Y + A')) —> Oy , 

since 


H\Xjf, am(K Xjr + A/) - C w ) = H°(X W , (1 - am)K Xw ~ ®A' + C w ) = 0. 

Hence f*O x (am(K x /Y + A + C )) is not ample for each m > 2. 

Next, in the situation of Notation 16.41 we consider the positivity of f*0J X /Y■ This 
relate to the p-ranks of fibers. Here the p-rank of a smooth projective curve C is 
defined to be the integer yc > 0 such that p 7c is equal to the number of p-torsion 
points of the Jacobian variety of C. It is known that yc = dim*, S°(C, cue)- Jang 
proved that if the geometric generic fiber Xjj is ordinary, (i.e., the p-rank of X Tj is 
equal to dirrp; H l) {X Tv u X -) ), then f*0Jx/Y is a nef vector bundle HaiiOS . Raynaud 
implied that if every closed fiber is a smooth ordinary curve, then / is isotrivial 
|Szp81 THEOREME 5]. On the other hand, Moret-Bailly constructed an example 
of semi-stable fibration such that f*uJ X /Y is not nef |MB81j . In this case, X^ is a 
smooth curve of genus two and of p-rank zero. As a generalization, Jang showed 
that if / is non-isotrivial and the p-rank of Xjj is zero, then f*co x /Y is not nef [Jan loj. 
We generalize these results to the case of intermediate p-rank ('Theorem 16. 13p . based 
on the method in [Jan m- 

Theorem 6.10 ( |JanlQ[ Corollary 2.5]). In the situation of Notation 16.41 let M. 
and T be the free part and the torsion part of R 1 f Y l *0x/ Y respectively, where 

is the kernel of < 7 (jJ XyX /y 1 {4^x/y defined in Section [ 2 ]). Then there exists an 
exact sequence of Oy 1 -modules 


—>■ f m 

*^X 1 /Y 1 

( |Szp79 


fy iM 


,( 1 ) 

X/Y 


0 ^ M 

Theorem 6.11 

isotrivial if and only if deg f*to x /Y = 0. 




-)■ Fyf^ujx/Y —t M. © 7~ —> 0. 


Proposition 2]). In the situation of Notation 16.41 / is 


Theorem 6.12 f |LS77i 1.4. Satz]). Let £ be a vector bundle on a smooth projective 
curve C. If Ff*£ = £ for some e > 0, then there exists an etale morphism tt : C' —>■ 
C from a smooth projective curve C such that tt*£ = © Oc- 
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Theorem 6.13. In the situation of Notation \G. 41 the function 

s(y ) := dim fc(w ) S°(X y ,u } Xy ) 

on Y is lower semicontinuous. Furthermore, f is isotrivial if and only if s(y ) is 
constant on Y and f*ujx/y is nef. 

Proof. By Observation 13.191 (IV) we get the first statement (set A = 0 and R = 
Kx/y)- We show that the second statement. If / is isotrivial, then obviously s(y) 
is constant, and by Example 16.51 f*ca x /Y is nef. Conversely, we assume that s(y) is 
constant on Y. This means that coker(0( e )) is locally free for each e>0, where 

$ (t) : = /r e *(0x/y <8> UJXye/Ye) ■ fi^Uxe/Ye “> /v e *<^Xye/Y e — Fy* f*Ux/Y- 

Then there exists a commutative diagram 


0(<=+l) 


f*Ux/Y 



f*^X/Y 






for each e > 0. When e 0, since a ^ is a surjective morphism between vector bun¬ 
dles of the same rank, it is an isomorphism. Furthermore, since is an inclusion 
between subbundles of Fy +1 * f*LOx/Y of the same rank, it is an isomorphism. Thus 
we have Fpim(8^ e )) = im(0^), in particular, by Theorem 16.121 deg(im(0( e ))) = 0. 
Suppose that f*u)x/Y is nef. Then, Theorem 16. 101 shows that (ker^ 1 )))* is nef, hence 
that (ker(ct( e )))* is nef. Thus for every e > 0, the exact sequence 

0 —> ker(c^ e -*) —> im(6 ,( - e ' ) ) —> im(0^ e+1 ^) —>■ 0 

induces that 

deg(im(0^)) = deg(im(0 (e+1 ^)) + deg(ker(a^)) < deg(im(# (e+1) )). 

From this we have deg(im(6^b)) < deg(im(f^ 2 ))) < • • • < 0, and hence 

0 < deg f*u x /Y = deg(ker(0^)) + deg(im(0^)) < 0. 

Consequently, Theorem 16.111 shows that / is isotrivial, which completes the proof. 

□ 


7. Iitaka’s conjecture 

In this section, we consider Iitaka’s conjecture under the following hypotheses: 
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Notation 7.1. Let / : X —» Y be a fibration between smooth projective varieties, 
let A be an effective Q-divisor on X such that aA is integral for some integer a > 0 
not divisible by p, and let fj be the geometric generic point of Y. Assume that 

(i) K x + A jj is finitely generated in the sense of Definition 13.81 and 

(ii) there exists an integer mo > 0 such that for every integer m > mo 

S°(X n , Ajj, m(aIi X - + (aA) w )) = H°(X n , m(oA x _ + (aA) w )). 

Here condition (i) and (ii) are the same as in Theorem 15.11 We first prove the 
case where Y is of general type based on the method in |Patl3j . 

Theorem 7.2. In the situation of Notation 17.11 assume that Y is of general type. 
Then 

k(X, K x + A) > k(Y, K y ) + k{X- v K Xn + Ajj). 

In the proof we use the argument similar to [Pat 13 , §4] and the proof of |Patl3 ! , 
Theorem 1.7]. 

Proof. We may assume that k(AQ, K Tt + A^) > 0. 

Stepl. Set S' := {e e Q\k{X,K x/y + A - ef*H) > k{X^K x . + A^) + «(Y)}, 
where H is an ample divisor on Y. We show that S' is nonempty. By the assumption 
(i), there exists an integer b > 0 such that R(X^, ab(K x + A^)) is generated by 
H°(Xjf,ab(K x + Ajj)). By projection formula, there exists an integer c > 0 such 
that f Jf O x (ah{K x /y + A) + cf*H) is globally generated. Thus for every m > 0, the 
natural morphism 

m 

(g) f*O x (ab{K x/Y + A) + cf*H) -> f*O x (abm(K x/y + A) + cmf*H) 

is generically surjective and shows that f*O x (abm(K x / y + A) + cmf*H ) is generi- 
cally globally generated. This implies 

dim k H°(X, abm(K x + A) + cmf*H) 

> dimfc(jj) H°(Xjj, abm(K x _ + A^)) + dim fc H°(Y, abmKy ), 

Hence for e 0 := —c/(ab), we have K,(X,K x + A — £ 0 f*H) > n(Xy, K X --\-Ajf) + k(Y). 
Step2. Set S := {e E Q|re(A, K x / y +A—ef*H) > 0}. We show that sup S = sup S'. 
Since S A S' we have the inequality >. We show <. For an e G S, K x / Y + A — ef*H 
is Q-linearly equivalent to an effective Q-divisor. Thus for every 0 < 6 G Q and 
£o e 5", 

«(*, (1 + 6)(K x/y + A) - (e + 6e 0 )f*H) >k(X, 8(K x/y + A - s 0 f*H)) 

>n(Xjj, R x ~ + A jj) + k(Y). 

This implies (e + & 0 )/(I + 5) < sup S'. Since lim, 5 _ >0 (e + 5e 0 )/(I + 5) = e, we have 
e < sup S', and hence sup S < sup S'. 

Step3. We show that sup S > 0. For simplicity of notation, we denote 
f*O x (am(K x / Y + A)) by Q m . By the proof of 15.11 we have t(Y,Q m , H) > 0 for 
each m > uiq. We fix an m > mo such that Q m ^ 0, where such m exists by 
the assumption that k(X Tv Ajj, K x _ + A.^) > 0. Let d > 0 be an integer such that 
a\(p d — 1). Then for every £ e T(Y, Q m , H) there exists an e > 0 such that p de e G Z 
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and (F de * Q m )(—p de £H) has a nonzero global section. On the other hand, since X Y de 

is a variety, the natural morphism Fy Y : Ox yde —> F Y J Y 0 \<*<= is injective, which 
induces injective (9yd e -module homomorphism 

Fy Q m = fyde*Ox Yde ( am {Kx Yde /Y dE + Ayde)) f^\0 X de(amp d£ (K X de/yde + A)). 

Note that the reducedness of X Y d e follows from the separability of / and the flatness 
of Fy. From this 


H°(X, arrvp de (K x/Y + A) - p de ef*H ) ^ 0, 


and hence we have ( amp de ) 1 p de £ = (am) 1 £ < sup S, and so 


0 < 


t(Y, g m , H) 


< sup S. 


am 

Step4. We show the assertion. By the assumption and Step3, there exists an e G 
such that K Y — £H is linearly equivalent to an effective Q-divisor. Then 


S' 


<X, K x + A) =k(X, K x/y + A + f*K Y ) 

>k(X, K x/y + A + ef*H) > k( A>, A x _ + A^) + k(Y). 

This is our claim. □ 


Next, we show that Iitaka’s conjecture when Y is an elliptic curve (Theorem I7.6|) . 
To this end, we recall some facts about vector bundles on elliptic curves. 


Theorem 7.3 ( [Ati571 [Qda71] ). Let C be an elliptic curve, and let Sc(r, d) be the 
set of isomorphism classes of indecomposable vector bundles of rank r and of degree 
d. Then the following conditions are satisfied: 

(1) For each r > 0, there exists a unique element £ r ,o °f £c( r i 0) such that 
H 0 (C,S rt0 ) 0. Moreover, for every £ G £c( r , 0) there exists an C G 
Pic°(C) = £c( 1, 0) such that £ = £ r .,o ® A. 

(2) For every £ G £c( r , d), 


(dim H°(C, £), dim H\C,£)) 


' (d, 0) when d > 0 
(0, —d) when d < 0 
(0, 0) when d — 0 and £ ^ £ r ,o 
,(1,1) when £ = £ r 0 . 


(3) Let £ G £c(r,d). If d > r ( resp. d > 2r) then £ is globally generated (resp. 
ample ). 

(4) ( |Oda71i Corollary 2.9]) When the Hasse invariant Hasse(C) is nonzero, 

F<f£r, o — £r, o- When Hasse(C) = 0, Ff£ rS) = £\{r-i)/p\+i,o- 


Remark 7.4. Let C be an elliptic curve, and let ro > 0 be an integer. When 
Hasse (C) = 0, Theorem 17.31 141 shows that there exists an e > 0 such that Ff*£ r $ = 
0 Oc for each r = 1,..., r 0 . When Hasse(C') ^ o, Theorem 17.31 (4) and Theorem 
16.121 show that there exists an etale morphism tt : C’ —> C from an elliptic curve C 
such that 7 r*£ r 0 = 0 Oc for each r = 1,..., r 0 . 


We also need the following theorem. 
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Theorem 7.5 ( |Iit82[ Theorem 10.5]). Let f : X —> Y be a surjective morphism 
between smooth complete varieties, let D be a divisor on Y, and let E be an effective 
divisor on X such that codim (f(E)) > 2. Then k(X, f*D + E) = n(Y, D ). 

Theorem 7.6. In the situation of N 'otation \7 .11 assume that Y is an elliptic curve. 
Then 

k(X, Ex + A) > k{Y ) + k(Xjj, Kxjj + A if). 

Proof. Stepl. Let M > mo be an integer. We show that there exists a finite 
morphism a : Y' —> Y from an elliptic curve Y' such that for each m = mo, mo + 
1,...,M 

a*f*O x (am(K x /Y + A)) = T m © ( (J) C), 

where T m is an ample and globally generated vector bundle, and S m C Pic°(T / ). 
This claim follows from Theorem 15.11 and the lemma below. 

Lemma 7.7. Let £ be a nef vector bundle on an elliptic curve C. Then there exists a 
finite morphism tt : C' —>■ C from an elliptic curve C' such that tt*£ = £), 

where J- is an ample and globally generated vector bundle on C, and S C Pic°(C"). 

Proof of Lemma 17771 By Theorem |7.3| (3), replacing £ by Fy* £, we may assume 
that £ = T © Q where IF is ample and globally generated, and Q is a direct sum 
of elements of U,->o ^c{ r i 0)- Hence, Theorem 17.31 (1) and Remark I7~4l complete the 
proof. □ 

Step2. We show that KfXyr, Kx yl + Ay/) = k(X,Kx + A). Obviously, we need 
only consider when a is separable and when a is purely inseparable. If a : Y' —» Y 
is separable then it is etale, thus so is ax '■ Xy —> X, in particular Xy is a 
smooth variety. Hence the claim follows from Theorem 17.51 where we note that 
K X y, ~ Kx y ,/y' ~ {K x /y)y' ~ (Fx)y'- If a = Fyi for some e > 0, then there is a 
commutative diagram 

X e 



Y/k 


Since X Y « is a variety (cf. jPat 131 Lemma 5.2]), we have injective morphisms Ox k r —>■ 
r-(e) 

Y/k> 


( Fy/ k )x Ox Y e —> Fx) k Ox?, which induce injective morphisms 


X/k A 

H°(X, am(K x + A)) ^ H°(X Y e, am(K XYe + Aye)) ^ H°(X e , amp e (K X e + A)) 

for every m > 0. Thus n{X, K x + A) = n(X Y e, K Xy e + Aye) as claimed. 

Step3. We complete the proof. Write Q m := f*Ox(amfKx + A)). Let l,no > mo 
be as in the proof of Theorem 15.11 By the above argument, we may assume that 
Qm — F m © (0^ e 5 m A) for each m G {/} U {n 0 + i}\<i<i, where F rn is an ample and 
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globally generated vector bundle, and S m C Pic°(y). 

Claim. The subgroup G of Pic°(y) generated by Si is a finite group. 


Proof of the claim. Let d, q ^ e , n.e be as in the proof of Theorem 15.11 for each e 0. 
Set Si = {£,,..., Ch}- Then for each i — 1,..., h, there exist generically surjective 
morphisms 


{Ti © A © • • ■ ® C h f 


(F, 


no+n,e 


(© 


'£e5 r 


■o+n. 


£)) = gf 91 " 


Jno+ri ie 




as in the proof of Theorem 15.11 It follows that there exists a nonzero morphism 
£^ <£>•••<£> ® C —* £f for some integers £,..., th > 0 satisfying Yli=i U = qi ye 

and for some £ G U!-=o ^m+r- Since this is a nonzero morphism between line bundles 
of degree zero on a smooth projective curve, this is an isomorphism, in particular 
£ G G. For each i — 1,..., h we denote Cf 1 by £, + , for each i = 1,..., h, and for 
each m > 0 we set 


G(m) := £™"‘| 0 < m, and m, < m } C G. 

Let c > 0 be an integer satisfying {£ G Gj£ or Hr 1 is in U! =o ^n 0 +r} Q G{c). Then 

rr-.de „de , 

by the above argument £, ,..., £1^ G G(qi }e + c). Since p e > qi, e + c for some 
e 0, there exists an iV > 0 such that G = G(N), which is our claim. □ 


By the claim, there exists an n > 0 such that riyC = £ n = Oy for each £ G Si. 
Hence, replacing / by its base change with respect to riy , we may assume that Qj 
is globally generated. Then, for each b 0, is generically globally generated, 
because the natural morphism Qf b —Y Qu is generically surjective as in the proof of 
Theorem 15.11 Thus we have 

dim, H°(X, abl(K x/Y + A)) = dim, H°{Y, Q u ) 

> dim k(rj)(Qbi)r} = dim,.^) H°{X^ bl(aK Xjf + (aA) w )) 

for each b 0, and so k(X, K x + A) > k(XK X yf + A^). □ 

There are some recent progress on Iitaka’s conjecture in positive characteristic. 
Let / : X —» Y be a fibration between smooth projective varieties, and let Xjj be 
the geometric generic fiber. Chen and Zhang proved that 

k( X) > k(Y) + k(Z) 

when / is of relative dimension one, where Z is the normalization of X^ (CZ13 
Theorem 1.2]. They also proved that 

k{x) >K(y) + K(x^K Xlf ) 

when dim X = 2 and dim Y = 1 [CZ13 , Theorem 1.3]. Patakfalvi showed that 

k(X) >K{Y) + n{X^K Xji ) 

when Y is of general type and 5 < 0 (A^, uj X -) 7 ^ 0 [Pat, 13] , For a related result, see 
|Patl41 Corollary 4.6]. 

On the other hand, as a direct consequence of Theorem 17.21 Theorem 17.61 and 
Corollary 13.231 we obtain the following new result: 
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Corollary 7.8. Let f : X —> Y be a fibration from a smooth projective variety X of 
dimension three to a smooth projective curve Y. Assume that the geometric generic 
fiber Xjj is a normal surface of general type with rational double point singularities, 
and p > 7. Then 

k{X) > k(Y) + k{Xjj). 

Proof. We note that in this case K X - is hnitely generated (cf. [BadOll Corol¬ 
lary 9.10]). Thus the result follows from Corollary 13.231 and Theorems 17.21 and 
EH ' □ 
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